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Abstract
Microfabricated cantilever scanning probes are used for a variety of technological
applications. Piezoresistivity and piezoelectricity are two transduction mechanisms that are
commonly used to sense cantilever deflection. Despite their widespread use, their performance
has not been directly compared to date. In this paper we present detailed models for the noise
and sensitivity of both transducer types, design optimized cantilevers via numerical
optimization for a variety of use cases, and compare their performance using a range of
reported values in the literature. We find that piezoresistive sensing is advantageous for
sub-micron thick cantilevers and moderate electrical power dissipation conditions, while
piezoelectric sensing is preferred for thick cantilevers and power-limited applications. The
wide variability in experimentally measured piezoelectric film properties is treated using the
Monte Carlo method and can account for resolution variation of up to 30%, independent of
geometric tolerances. We find that the preferred cantilever type depends heavily upon the
fabrication and operating constraints. Accordingly, the modeling and optimization code is an
open source and freely available. Importantly, we show that both piezoresistive and
piezoelectric cantilevers are capable of sensing piconewton and sub-nanometer signals for a
wide range of operating conditions with an appropriate design.
(Some figures in this article are in colour only in the electronic version)

has been indirectly compared in a literature survey [12], but
differences in fabrication methods, measurement techniques
and design goals complicate such comparisons. In this paper
we provide a fundamental design comparison of piezoresistive
and piezoelectric microcantilever beams optimized for force
or displacement sensing.
The transduction principle for both sensor types is that
a force applied at the tip of the cantilever beam induces a
deflection, curvature and bending stress in the cantilever. The
stress can be transformed into a measurable signal by either the
piezoresistive or piezoelectric effect. A piezoresistor typically
transduces the longitudinal stress as a change in resistivity
proportional to its longitudinal piezoresistive coefficient, πl ,
while a piezoelectric typically transduces the longitudinal
stress as a polarization charge proportional to its transverse
piezoelectric coefficient, d31 .
The design optimization of piezoresistive cantilevers has
been studied extensively [13–16]. Similarly, the analysis and

1. Introduction
The atomic force microscope (AFM) is widely used to
characterize surface structures and forces. Since the first
system using optically detected cantilever beam deflection
[1], a variety of microelectromechanical systems (MEMS)
scanning probes have been developed to modify the
functionality of the AFM. Alternative sensing techniques
include capacitive [2, 3], thermal [4, 5], piezoresistive [6, 7]
and piezoelectric [8, 9] transduction.
Piezoresistive and piezoelectric transduction have many
similarities: they do not require optics, work for a wide
variety of samples and measurement conditions, and their
fabrication processes are well suited for forming cantilever
structures for out-of-plane operation. Recent review articles
on piezoresistive [10] and piezoelectric [11] MEMS sensors
introduce the fundamental concepts but are not specific enough
to discuss the design of scanning probes. Their performance
0960-1317/10/095023+15$30.00
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optimal design of piezoelectric actuators [17, 18] has been
extensively reported, in addition to more general overviews
[19, 20]. While the typical displacement resolution of
microscale sensors has been compared [21], the design
optimization of piezoelectric sensors has focused on sensitivity
maximization [18, 22, 23] and the detection of force gradients
[24] rather than the minimum detectable force (MDF) or
displacement (MDD). The design optimization we present
consists of choosing the best possible design parameters for a
fixed set of constraints to minimize the MDF or MDD.
Piezoelectric transduction has several unique
characteristics that are ideal for scanning probes, including
efficient actuation [25] and simultaneous actuation and
sensing [26, 27]. Advantages of on-chip actuation include
the ability to scale to large cantilever arrays [28] and apply
forces or perform feedback control at high frequency [29].
Although resonant piezoelectric detection leads to superior
performance for certain dynamic applications like the tapping
mode AFM [30–32], we have focused on broadband sensing
(i.e. contact mode) which can be used to investigate samples,
such as living cells [33], over a larger range of timescales.
We make several assumptions about the cantilever
fabrication processes. For ease of comparison and analysis,
we assume that the piezoresistor is grown via epitaxy and
boron doped.
Epitaxy is an additive process but the
same analysis techniques can be applied to diffusion or ion
implantation doping, which do not affect the beam thickness,
with comparable results [15, 16].
We assume that the piezoelectric transducer is a
polycrystalline piezoelectric film deposited on a single crystal
silicon cantilever beam and sandwiched between metal
electrodes of finite thickness. We consider two popular
piezoelectric materials, aluminum nitride (AlN) and lead
zirconium titanate (PZT). AlN and PZT have very different
material properties and can be deposited using a variety of
methods [20]. Representative fabrication processes can be
found in [7] and [9].
A signal conditioning circuit is required for both sensor
types, and our noise analysis includes intrinsic device noise
and amplifier noise as well as thermomechanical noise. The
noise and sensitivity are analyzed at the amplifier inputs,
and noise from subsequent filtering is not included because
it would be common to both sensor types and can be made
negligibly small. Second order effects such as metal electrodes
and amplifier input capacitance are included in the analysis.
Overall, we have aimed to present a realistic assessment of the
resolution achievable by each transduction mechanism and
to clearly identify situations where one is preferable to the
other.
We first develop the sensitivity and noise models for
a piezoresistive cantilever, then analyze the piezoelectric
cantilever case. Next, we use the models to generate optimized
designs using an iterative, computational approach. We have
previously demonstrated this approach for the piezoresistive
cantilever design [16]. Finally, we use the optimization
results and reported material properties to compare sensor
performance and discuss the merits of each transduction
mechanism.

Table 1. Summary of the variables.
Variable

Description

Units

lc
wc
tc

Cantilever length
Cantilever width
Cantilever thickness

m
m
m

f min
f max
f0
k
m
kb
E
σl
QM
μ
ρ
r

High-pass filter frequency
Low-pass filter frequency
Cantilever resonant frequency
Cantilever spring constant
Cantilever mass
Boltzmann’s constant
Elastic modulus
Longitudinal stress
Mechanical quality factor
Carrier mobility
Resistivity
Relative permittivity

Hz
Hz
Hz
N m−1
kg
J K−1
N m−2
N m−2
–
cm2 V s−1
 cm
–

lpr
wpr
tpr
n
πl
Vbridge
Rpr
W
N
P
γ
β∗

Piezoresistor length
Piezoresistor leg width
Piezoresistor thickness
Doping concentration
Piezoresistance coefficient
Bridge bias voltage
Piezoresistor resistance
Dissipated power
Number of carriers
Piezoresistance factor
Resistance factor
Piezoresistor efficiency factor

m
m
m
cm−3
Pa−1
V

W
–
–
–
–

tpe
d31
Cm
zn
Rpe
Cpe
VJ
VH
VT H
VA
VT OT
QJ
QT H
QA
QT OT
FV / FQ

Piezoelectric thickness
Transverse piezoelectric coefficient
Normalized beam curvature
Bending neutral axis
Piezoelectric resistance
Piezoelectric capacitance
Johnson voltage noise spectral density
Hooge voltage noise spectral density
Thermomech. noise spectral density
Amp. voltage noise spectral density
Integrated voltage noise
Johnson charge noise spectral density
Thermomech. charge spectral density
Amp. voltage charge spectral density
Integrated charge noise
Force noise spectral density

m
pC N−1
m2 N−1
m

F
V Hz−1/2
V Hz−1/2
V Hz−1/2
V Hz−1/2
V
C Hz−1/2
C Hz−1/2
C Hz−1/2
C
N Hz−1/2

SF V
SXV
SF Q
SXQ

Force–voltage sensitivity
Displacement–voltage sensitivity
Force–charge sensitivity
Displacement–charge sensitivity

V N−1
V m−1
C N−1
C m−1

2. Piezoresistive cantilever analysis
The design and dimensions of the piezoresistive cantilever
are illustrated in figure 1(a). The overall length, width and
thickness of the cantilever are lc , wc and tc , respectively. The
x-, y- and z-axes correspond to the longitudinal, transverse
and out-of-plane directions of the cantilever, respectively. The
variables we use are summarized in table 1.
The piezoresistor extends lpr along the length of the
cantilever and is tz pr in thickness. A narrow gap is included
along the length of the piezoresistor to form a resistive loop,
and the width of each cantilever leg is wpr = wc /2. The gap
2
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(lc  wc  tc ). A more thorough discussion of the stress,
piezoresistive and piezoelectric tensors can be found elsewhere
[10, 20, 35].
The piezoresistive coefficient varies with dopant
concentration and temperature. We use the recent theoretical
model developed by Richter et al [36] to calculate the
piezoresistive coefficient as πl = P π0 , where π0 = 72 ×
10−11 Pa−1 is the longitudinal piezoresistive coefficient at low
dopant concentration for a p-type piezoresistor oriented in the
1 1 0 direction [35]. The piezoresistance factor, P, accounts
for the decrease in piezoresistivity at high dopant concentration
and is calculated from the fit presented in [36].
The proportional change in resistance of the piezoresistor
for the point load force, F, is

(a)

(b)

(c)

6π0 β ∗ γ (lc − lpr /2)
R
=
F,
R
wc tc2

(3)

where β ∗ is the efficiency factor of the piezoresistor and γ
is a geometry or resistance factor [37]. The efficiency factor
accounts for the finite thickness and potentially varying dopant
concentration within the piezoresistor, and can be calculated
from
 tc /2
2 −tc /2 qμnP z dz
∗
β =
,
(4)
 tc /2
tc
−tc /2 qμn dz

Figure 1. The (a) dimensions of the piezoresistive cantilever,
(b) assumed measurement circuit and (c) equivalent noise circuit.
The change in resistance of the piezoresistor is transduced with a
1/4 active Wheatstone bridge, composed of a silicon temperature
compensation resistor and two external resistors. The bridge is
biased with a voltage source and the differential signal is amplified
with an instrumentation amplifier, filtered and recorded.

between the legs is significantly less than the overall width of
the cantilever so that the cantilever mechanics are negligibly
affected. No stress concentration effects are included, which
could potentially enhance the sensitivity [34].

where both μ and P vary with n, the dopant concentration.
The resistance factor, γ , accounts for the additional
resistance between the electrical contacts that is measured but
does not change with applied load, such as conducting traces.
These fixed resistances reduce system sensitivity and increase
the Johnson noise, so should be minimized. We use γ = 0.9
as a typical value.
The output from the Wheatstone bridge can be linearized
as V ≈ Vbridge R/4R, which is accurate to within 5% for a
10% relative resistance change. The voltage–force sensitivity
can then be calculated from
3π0 β ∗ γ (lc − lpr /2)
V
=
Vbridge .
(5)
SF V =
F
2wc tc2

2.1. Measurement circuit
The measurement circuit (figure 1(b)) affects both the
sensitivity and noise of the system. A 1/4 active Wheatstone
bridge transduces the change in resistance of the piezoresistor,
Rpr . The bridge is completed with an identical silicon
resistor, Rtc , for temperature compensation and two external
wire-wound resistors, R. A dc voltage, Vbridge , biases the
Wheatstone bridge. The voltage across the Wheatstone bridge
is differentially amplified using an instrumentation amplifier,
filtered to set the measurement bandwidth, and measured
as Vout .

The displacement sensitivity is equal to the product
 of
the force sensitivity and cantilever stiffness, k = Ec wc tc3 4lc3 ,
yielding

2.2. Sensitivity analysis

SXV =

The longitudinal stress induced by a point load, F, in a
homogeneous linear elastic beam is a function of the distance
x from the base and z from the neutral axis of the cantilever:
12(lc − x)z
.
(1)
σl = F
wc tc3
The stress is zero at the neutral axis and varies linearly
through the cantilever thickness. The piezoresistive effect
transduces the stress into a change in resistance according to
ρ
= πl σl ,
(2)
ρ
where πl is the longitudinal piezoresistive coefficient. We
assume negligible transverse stress in the cantilever legs. This
analysis is valid for beams which are long, narrow and thin

3Ec π0 β ∗ γ (lc − lp /2)tc
V
=
Vbridge ,
X
8lc3

(6)

where Ec is the elastic modulus of the cantilever material in the
longitudinal direction. The elastic modulus of single crystal
silicon varies substantially with crystal orientation, and we
use Ec = 169 GPa, corresponding to the 1 1 0 direction, for
all calculations. If the cantilever length is comparable to its
width, then plane stress conditions no longer hold. In that case
the plate modulus, E/(1 − ν 2 ), should be substituted for the
elastic modulus [38], where ν is the appropriate Poisson’s ratio
for the material and crystallographic orientation of the beam.
Force sensitivity can be maximized by making the
cantilever as long, narrow and thin as possible, while
displacement sensitivity can be maximized by making the
cantilever as thick and short as possible.
3
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The measurement bandwidth of the cantilever is limited
by its mechanical resonance. The first resonant mode of
a cantilever can be derived
from the Euler–Bernoulli beam
1 √
k/meff , where the effective mass is
equation as f0 = 2π
meff = 0.243m [38].

Table 2. The amplifier noise coefficients. The coefficients can be
calculated from the typical performance curves included with most
amplifiers.

AV J (nV Hz−1/2 )
AV F (nV)
AI J (fA Hz−1/2 )
AI F (fA)

2.3. Piezoresistor noise
The overall noise of a piezoresistive cantilever can be
calculated from the Johnson and 1/f (Hooge) noise of the
resistor [14], the thermomechanical noise of the cantilever
[39] and the amplifier noise.
Johnson noise is the result of the thermal motion of carriers
within a resistive element and is independent of frequency
[40]. The noise √spectral density (units = V Hz−1/2 ) for a
single resistor is 4kb T R, where kb is Boltzmann’s constant
and T is the temperature. The noise spectral density for the
entire Wheatstone bridge is

(7)
VJ = 4kb T Rpr ,

INA103

INA116

1.2
6
2000
2500

28
300
0.1
1

number of carriers in the epitaxial piezoresistor is roughly
N = nlpr wc tpr , assuming a constant current density.
The thermomechanical force spectral density (units =
N Hz−1/2 ) imposes a fundamental limit on the MDF and can be
calculated
for frequencies below the first harmonic mode from
√
2kkb T /πf0 QM , where k, QM and f0 are the spring constant,
mechanical quality factor and first resonant mode frequency
of the cantilever, respectively [39]. The quality factor varies
with cantilever dimensions and ambient conditions, and can
be limited by a variety of energy loss mechanisms [44].
Viscous losses dominate in air at atmospheric pressure, and
we calculate QM using [45]. The quality factor is on the
order of 20 for the cantilever dimensions in this work. The
equivalent voltage spectral density is

2kkb T
.
(9)
VT H = SF V
πf0 QM

assuming that all four resistors in the bridge are matched. This
result comes from the fact that Vbridge is an ac ground, so the
input impedance seen by each amplifier input is Rpr /2. Thus,
the
 Johnson noise voltage at each input to the amplifier is
2kb T Rpr . The noise sources are uncorrelated, so the overall

root-mean-square (RMS) noise is 4kb T Rpr .
The piezoresistor resistance, Rpr , is approximately
2ρlpr /wpr tpr γ , where ρ is the resistivity of the piezoresistor
and γ is the resistance factor introduced earlier. The resistivity
varies with dopant concentration according to ρ = 1/qμn
where q is the single electron charge and μ is the concentrationdependent majority carrier mobility [41].
A critical parameter in the design optimization process
is the electrical power dissipated in the piezoresistor, W =
2
4Rpr . Although Joule heating can be used for
Vbridge
alternative imaging modes and new functions [42], significant
heating can damage the sample or lead to excess piezoresistor
noise [15]. In the optimization process, the power dissipation
is constrained to 1 mW or less.
The dominant 1/f noise source in silicon piezoresistors
is Hooge noise [14]. Hooge noise is a fluctuation in resistor
conductance which varies inversely with the number of charge
carriers in the material [43]. In contrast with Johnson noise,
which is a voltage noise, Hooge noise is a conductivity noise
and thus depends on the bias voltage. The noise is independent
of the resistance and is inversely proportional to the number
of carriers in the resistor. The noise spectral density of the
Wheatstone bridge is

2
αVbridge
VH =
,
(8)
2Nf

Thermomechanical noise is smaller than the device and
amplifier noise for the range of designs considered in this work
but is included in the model for generality.
The piezoresistor measurement circuit includes an
instrumentation amplifier, which contributes additional
voltage and current noise. Its noise contribution is


2
2

A2I J Rpr
A2I F Rpr
1
+
A2V F +
,
(10)
VA = A2V J +
2
f
2
where AV J and AI J describe the input referred Johnson voltage
and current noise of the amplifier, while AV F and AI F describe
its 1/f noise. For example, the voltage and current noise
power spectral
densities of the amplifier are A2V J +A2V F f and

A2I J + A2I F f , respectively. The current noise terms include
the input impedance (Rpr /2) and a factor of 2 to account for
the voltage noise induced by the amplifier current noise at each
input (figure 1(c)). The current noise of the amplifier leads to
increased noise from high impedance sensors.
The piezoresistor analysis is performed for the INA103
(Texas Instruments, USA), a high bandwidth commercial
instrumentation amplifier. The low voltage noise and high
current noise of the INA103 favor the design of a low
impedance piezoresistor. In contrast, the high impedance
of a typical piezoelectric film necessitates an amplifier with
high input impedance, low input bias current and low current
noise, and we use the INA116 (Texas Instruments, USA) for
the piezoelectric analysis. The amplifier noise coefficients are
listed in table 2.

where the bias across the piezoresistor is Vbridge /2, N is the
total number of carriers in the resistor and f is the frequency.
The 1/f noise of the temperature compensation resistor is
included in equation √
(8), which increases the RMS voltage
noise by a factor of 2. The parameter α is an empirical
value that is dependent upon the crystal lattice quality. For
epitaxial piezoresistors, α = 10−5 has been reported [7]. The
4
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2.4. Force and displacement resolution

(a)

The MDF or MDD is typically equated to the RMS force or
displacement noise [46]. For example, the force noise spectral
density (units = N Hz−1/2 ) is
FV =

VJ2 + VH2 + VT2H + VA2
SF V

,

(11)

which can be integrated over the measurement bandwidth to
find the MDF:

MDF =

(b)

fmax

fmin

FV2 df .

(12)

Calculating the MDF via the frequency-dependent force
noise accounts for the potential frequency dependence of
both the sensitivity and noise. Sensitivity is independent
of frequency for the piezoresistive cantilever, but will vary
with frequency for the piezoelectric cantilever. Nonetheless,
it is useful to calculate the input referred voltage or charge
noise:

fmax

VTOT =
VJ2 + VH2 + VT2H + VA2 df .
(13)
fmin

The piezoresistive cantilever design requires a careful
balance between several design parameters. For example,
increasing the length of the piezoresistor (lpr ) increases the
Johnson noise and amplifier noise, decreases the 1/f noise and
power dissipation, but increases the sensitivity. Furthermore,
the quality factor and resonant frequency in a fluid such as air
or water depend nonlinearly on the cantilever dimensions and
determine the thermomechanical noise floor. In the face of this
complexity we use a computational design approach [16], but
there are numerous references on the analytical piezoresistive
cantilever design as well [10, 13–15, 47].

(c)

(d)

(e)

(f)

Figure 2. The (a) dimensions of the piezoelectric cantilever,
(b) device circuit model, (c) the charge measurement circuit, (d) its
equivalent noise circuit, (e) the voltage measurement circuit and
(f ) its equivalent noise circuit. The film can be represented as a
stress-dependent charge generator (Qpe ) in parallel with the
resistance (Rpe ) and capacitance (Cpe ) of the film. The charge
measurement circuit shown in (c) integrates the piezoelectric charge
to generate an output voltage. The differential voltage amplifier
circuit shown in (e) amplifies the voltage drop across the film
induced by the charge. Shunt resistors are required in order to limit
the common mode voltage induced by the amplifier input bias
current.

3. Piezoelectric cantilever analysis
For simplified analysis, we assume the piezoelectric film
extends the full length and width of the cantilever, lc and
wc respectively, and has tpe thickness (figure 2(a)). We will
show later that the length and width assumptions are justified
in order to maximize sensitivity and minimize noise, although
the model could be extended to handle smaller piezoelectric
dimensions. The piezoelectric film is sandwiched between
two metal electrodes which collect the generated charge. We
assume that the metal films are 50 nm thick sputtered Ti and
discuss their impact on sensing resolution later.
In operation, a force or displacement applied to the tip of
the cantilever polarizes the piezoelectric film and the resulting
charge or voltage is amplified and recorded. The piezoelectric
cantilever is modeled as a charge source, Qpe , in parallel
with the capacitance (Cpe = r 0 lc wc /tpe ) and resistance
(Rpe = ρtpe /wc lc ) of the film (figure 2(b)). Whereas
the piezoresistor must continuously dissipate power during
operation, the piezoelectric film is an active sensor and only
requires an external power source for signal amplification.

3.1. Measurement circuit
There are many possible measurement circuits for the
piezoelectric device. Two common configurations are the
charge amplifier and the voltage amplifier.
3.1.1. Charge amplifier circuit. The charge amplifier
configuration (figure 2(c)) connects the piezoelectric to the
inverting terminal of an operational amplifier. Negative
feedback draws current across the feedback capacitor (Cf )
in order to drive the voltage drop across the piezoelectric to
zero. The additional charge required to cancel the piezoelectric
charge is measured at the output of the operational amplifier,
where Vout = Q/Cf . A switch in parallel with Cf is used to
zero the amplifier output.
Two advantages of this circuit are that (1) both terminals
of the piezoelectric are at the same potential so there is
5

J. Micromech. Microeng. 20 (2010) 095023

J C Doll and B L Pruitt

ideally no leakage current, which would otherwise reduce low
frequency sensitivity, and (2) Vout is insensitive to parasitic
input capacitances if Cf is large, so the amplifier can be located
far away from the sensor.
Unfortunately, the amplifier will always draw a small
input bias current, limiting low frequency sensitivity. Also,
the circuit is not well suited for the small quantity of charge
generated by a microscale device [8]. For example, a 500 μm
long, 5 μm wide and 1 μm thick cantilever coated with 200 nm
of AlN would only generate an output voltage of 10 μV in
response to a 1 nN force for Cf = 100 pF, so would require
another amplifier stage.
An alternative form of the circuit uses two charge
integrators and an instrumentation amplifier for common
mode rejection and signal amplification [26]. However, we
will calculate the noise, sensitivity and resolution for the
charge-mode measurement circuit shown in figure 2(c) for
simplicity. The equivalent circuit for noise analysis is shown in
figure 2(d). As in the rest of the analysis, all noise and
sensitivity calculations will be in terms of amplifier input
referred values.

[52]. The neutral axis of the beam relative to its bottom surface
(z = 0) is

zi Ei Ai
,
(14)
zn = i
i Ei Ai
where zi , Ei and Ai are the distance from the bottom of the
cantilever to the midpoint of the layer, the elastic modulus,
and the cross-sectional area of layer i, respectively. We will
consider a four-layered beam: Si (i = 1), a 50 nm thick bottom
Ti electrode (i = 2), a piezoelectric film (i = 3) and a 50 nm
thick top Ti electrode (i = 4).
The curvature of the beam per unit moment applied at the
tip of the cantilever is
Cm = 

1
,
2
i Ei (Ii + Ai (zi − zn ) )

(15)

where Ii is the moment of inertia of each layer about its center
of area.
A force F applied at the tip of the cantilever induces a
moment M = F (lc − x), where x is the distance from the root
of the beam. M varies linearly along the length of the beam, so
the average moment is M̄ = F lc /2. The bending stress varies
linearly through the thickness of the beam, so the average for
each layer is the stress at its center of area, zi . The average
longitudinal bending stress for each layer is then

3.1.2. Voltage amplifier circuit. Researchers have noted that
microscale piezoelectrics, particularly low relative permittivity
materials, are often better suited for voltage sensing because
both the charge and capacitance scale with the area [48].
An alternative circuit (figure 2(e)) is a differential voltage
amplifier. A 500 μm × 5 μm × 1 μm thick cantilever with
200 nm of AlN would generate Vout of 1 mV in response
to a 1 nN force, which is readily measurable even without
amplification.
However, there are two downsides to the voltage amplifier
circuit. First, there is now a potential drop across the film
so charge will slowly leak across it, reducing low frequency
sensitivity. Second, parasitic input capacitance will reduce the
voltage generated by the piezoelectric. We will include the
differential input capacitance of a typical MOSFET amplifier
in the analysis (Cinput = 0.2 pF) and assume that other parasitics
are negligible for simplicity, but care should be taken in circuit
and device layout to ensure that this approximation remains
valid.
The voltage-sensing circuit requires the addition of shunt
resistors, Rshunt , to provide a current path to ground for the
amplifier input bias currents. Additionally, the differential
inputs to the amplifier are coupled by the piezoelectric, which
complicates the analysis. We can perform half circuit analysis
by applying Miller’s theorem [49], which relates a differential
impedance to a single ended impedance, to find the half circuit
model shown in figure 2(f ). We will look at the sensitivity and
noise for this circuit 2(f ) in terms of the differential voltage
at the amplifier inputs.

σ¯l,i = Ei (zn − zi )Cm M̄.

(16)

The piezoelectric film is polarized by the applied stress
and the induced charge is
Q = d31 σ¯l,i wc lc ,

(17)

where d31 (units = pC N−1 = pm V−1 ) is the transverse
piezoelectric coefficient. The amplifier has a small input bias
current, on the order of 1 fA for typical MOSFET amplifiers.
The effect of the bias current is negligible for the design
parameters and measurement frequencies we will consider,
but should be included when Q is on the order of the input
bias current integrated for the duration of the measurement,
e.g. nanoscale cantilevers and sub-Hz frequencies.
The charge sensitivity (units = C/N) can be found by
combining equations (16) and (17) to find
Q
1
(18)
= d31 Epe (zn − zpe )Cm lc2 wc ,
F
2
where zn − zpe is distance from the neutral axis to the centroid
of the piezoelectric film. Note that the charge sensitivity is
independent of beam width due to the wc that can be factored
out of the denominator of Cm .
The voltage drop across the piezoelectric per unit charge
can be found by analyzing the voltage amplifier half circuit
(figure 2(f )). The differential voltage (twice the half circuit
voltage) to the amplifier can be written as
SF Q =

V =

I Rpe
,
1 + 2πf Rpe Cpe

(19)

where we assume Rpe /2  Rshunt ≈ Rpe /2 and Cinput << Cpe
for the derivation but use the more general form in all
calculations. For best performance Rshunt should be larger
than Rpe (figure 3). A reverse-biased diode can provide a

3.2. Sensitivity analysis
We follow the multilayered cantilever beam analyses presented
in [18] and [50], with further descriptions found in [51] and
6
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high-pass frequency of the piezoelectric. The more general
frequency-dependent forms are used in all calculations.
The resonant frequency of the piezoelectric cantilever
can be calculated in the same manner as the piezoresistive
cantilever.

−8

10

AlN
PZT

−9

10
MDF (N)

3.3. Noise analysis
The noise spectral density for a piezoelectric cantilever can
be calculated similarly to the piezoresistive cantilever case.
For both circuit configurations we will consider Johnson noise
of the device, amplifier noise and thermomechanical noise,
which are all present at equilibrium. The bias current of the
amplifier and piezoelectric current are shot noise sources, and
will be discussed at the end of the noise section.
In the case of charge sensing (figure 2(c)), the Johnson
voltage noise of Rpe leads to a voltage drop across Cpe
(assuming Cpe  Cinput ) which must be compensated by the
feedback circuit, leading to a charge noise spectral density
(units = C Hz−1/2 ) of

4kb T Rpe Cpe
.
(24)
QJ =
1 + 2πf Rpe Cpe
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Figure 3. The resolution from the voltage amplifier circuit varies
with shunt resistance. Shunt resistance should be maximized in
order to increase sensitivity and reduce noise at low frequencies.
AlN requires a higher shunt resistance than PZT due to its higher
resistivity. The charge amplifier circuit does not require a shunt
resistance and is not shown. The force resolution versus shunt
resistance is calculated for the example optimized cantilever designs
presented in table 6.

The low-pass filter action of Cpe leads to the noise actually
decreasing as Rpe is increased.
In addition, the amplifier contributes charge noise of





2
A2V F Cpe
AI J 2 1 AI F 2
2
2
+
+
, (25)
QA = AV J Cpe +
f
2πf
f 2πf

higher shunt resistance (e.g. 1 T) than is often possible with
resistors [53].
The current flow to ground, I, is 2πf Qpe assuming that
the input offset current of the differential amplifier is small
(typically 0.1 fA) relative to the piezoelectric current. As in
the charge sensing case, this is a valid assumption except for
nanomechanical devices and sub-Hz frequency operation.
The voltage sensitivity can be calculated by combining
equations (18) and (19) to find
SF V = SF Q

2πf Rpe
.
1 + 2πf Rpe Cpe

where the amplifier voltage noise directly induces charge noise
while the amplifier current noise is integrated to find the
equivalent charge. The amplifier noise coefficient syntax is
identical to the piezoresistor case.
The thermomechanical charge noise, QT H , can be
calculated by substituting SF Q (equation (18)) into
equation (9).
In the voltage amplifier case (figure 2(f )), the Johnson
voltage noise of Rpe /2  Rshunt is low-pass filtered by
2Cpe  2Cinput . For brevity we will again assume that Rshunt 
Rpe /2 and Cpe  Cinput , but use the more general form in all
calculations. The voltage spectral density at the amplifier input
is

4kb T Rpe
VJ =
.
(26)
1 + 2πf Rpe Cpe
√
A factor of 2 is included to account for both amplifier
inputs in the full circuit (figure 2(e)).
The current and voltage noise of the amplifier contribute
differential voltage noise of

 1 2

AV F + 2A2I F Z 2 ,
A2V J + 2A2I J Z 2 +
(27)
VA =
f

(20)

The voltage sensitivity at moderate frequencies (f >
1/2π Rpe Cpe ) can be simplified to
d31
Epe (zn − zpe )Cm lc tpe .
(21)
20 r
The high-pass frequency is 1/2π Rpe Cpe ≈ 1/2πρr 0 ,
which is lower for AlN (0.2 Hz) than PZT (20 Hz). Both
the sensitivity and the noise roll off below this characteristic
frequency.
The displacement sensitivity is equal to the product of
the force sensitivity and cantilever stiffness, k = 3/Cm lc3 ,
leading to charge–displacement and voltage–displacement
sensitivities of
3d31
SXQ =
Epe (zn − zpe )wc
(22)
2lc
and
3d31
Epe (zn − zpe )tpe .
(23)
SXV =
2r 0 lc2
SF V ≈

where Z is the impedance seen by the amplifier at its inputs.
The current noise terms include a factor of 2 to account for
the noise at both amplifier inputs (figure 2(f )). For both
piezoelectric circuits we use the amplifier noise coefficients of
the INA116, a MOSFET instrumentation amplifier with low
current noise (table 2).

We emphasize that equations (21) and (23) are
approximations and accurate only for frequencies above the
7
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Table 3. Summary of the relationship between design parameters
and the force sensitivity (SF Q or SF V ), displacement sensitivity (SXQ
or SXV ), Johnson and amplifier charge noise (QJ and QA ), Johnson
and amplifier voltage noise (VJ and VA ) for a piezoelectric
cantilever. As the design parameter increases with all other
parameters held constant, the measurand either increases (↑),
decreases (↓), can increase or decrease depending on other design
parameters ( ) or does not change appreciably (−).

Voltage Noise Spectral Density (V−Hz−0.5)

−4

10

PZT Total
PZT Amplifier
AlN Total
AlN Amplifier

−5

10
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10
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tpe (m)
r (–)
ρ ( cm)
d31 (pC N−1 )
Epe (Pa)
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SF Q

SXQ
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QA

SF V

SXV

VJ

VA

↑
–

↓
↑

↓
–

–
–
↑

↑
↑
–
↓
↑
–
–
–

↑
↓

–
–
↑

↑
↑
–
↓
–
↓
–
–

↓
↑
↑

↓
↑
↑

↓
↓
–
↑
↓
↓
–
–

↓
↓
–
↑
↓
–
–
–

Charge Noise Spectral Density (C−Hz−0.5)

−15

10

of the amplifier in analyzing both amplifier circuits, so the
amplifier shot noise is accounted for.
The current transduced by the piezoelectric element
is another shot noise source. However the transduced
current depends on the spectral content and amplitude of the
mechanical signal being measured, in contrast with the rest of
the noise analysis. Additionally,
the shot noise scales as the
√
square root of the signal ( 2qI ), meaning that if the shot noise
generated by the minimum detectable signal does not change
the noise spectrum then shot noise can be safely ignored. We
calculated the shot noise for a resolution limited, broadband
force signal and found the integrated shot noise consistently
to be at least an order of magnitude smaller than the other
intrinsic noise sources. In summary, shot noise can be safely
ignored for the range of device dimensions and frequencies
investigated here.
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Figure 4. Calculated noise spectra for the optimized example
piezoelectric cantilevers in table 6. (a) Voltage noise is dominated
by the Johnson noise of the device at moderate frequencies and the
amplifier voltage noise at high frequency. The PZT Johnson noise
rolls off at low frequency due to its relatively small Rpe Cpe product
compared to AlN. The increase in AlN amplifier noise at low
frequency is due to its current noise and the relatively small
capacitance of the AlN film. (b) The charge noise is limited by
amplifier voltage noise at high frequency. AlN, with a lower
permittivity than PZT, has a correspondingly lower charge noise.
At moderate frequencies, the AlN noise spectrum is limited by the
amplifier while PZT is limited by the device Johnson noise.

3.4. Force and displacement resolution
We calculate the overall force and displacement noise in the
same fashion as discussed for the piezoresistive cantilever. For
example, the force noise spectral density (units = N Hz−1/2 )
for the two measurement circuits are
FQ =

Q2J + Q2T H + Q2A
SF Q

(28)

and
The thermomechanical voltage noise, VT H , can be
calculated from equations (20) and (9) in the same manner as
previously described for the thermomechanical charge noise.
The voltage and charge noise spectra for the example
cantilevers in table 6 are plotted in figure 4. Both the amplifier
noise and overall noise are plotted to illustrate the frequencies
where noise is limited by the amplifier or by the device.
Shot noise due to the amplifier bias current and
transduced piezoelectric current need to be considered for both
measurement circuits. While the bias current of the amplifier
is a shot noise source, the overall amplifier current noise is a
much larger noise source, which can be confirmed from the
amplifier specifications. We have included the current noise

FV =

VJ2 + VT2H + VA2

.
(29)
SF V
The MDF can then be found by integrating the force noise
from f min to f max . The same calculations can be carried out
to calculate the displacement noise spectral density and MDD.
There is significantly less literature on the design of
piezoelectric cantilevers than their piezoresistive counterparts,
so we have summarized the impact of the cantilever design
parameters on piezoelectric sensitivity and noise in table 3.
Using the case of voltage-force sensing as an example,
increasing lc increases the sensitivity while reducing the noise,
so lc should be maximized. Increasing the width, wc , reduces
the sensitivity faster than it reduces the noise, so the cantilever
8
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thin piezoelectric films, to be discussed in the next paragraph,
while the constraint on n is based on the solid solubility of
boron in silicon at 800 ◦ C [54].
The mechanical, electrical and piezoelectric material
properties used in all design calculations are summarized
in table 5. Piezoelectric properties vary enormously with
deposition technique, substrate lattice constant, film thickness
and composition [20], so we have surveyed experimental data
in the literature to find the range of typical values.
AlN is most commonly deposited using reactive
sputtering, and although its transverse piezoelectric coefficient
varies with thickness [60–63] its other properties do not vary
significantly. However, PZT is often deposited using either
sol–gel processing or sputtering, and its properties vary more
significantly. For example, the relative permittivity (r ) of
sol–gel deposited PZT can vary from 200 [70] to 1300 [71],
while the magnitude of the transverse piezoelectric coefficient
(d31 ) ranges from 35–70 pC N−1 for sol–gel PZT [30, 68] to
60–100 pC N−1 for sputtered PZT [65, 66, 68] to 130 pC N−1
for epitaxial PZT [55]. The piezoelectric properties degrade
for thin AlN or PZT films, so we constraint tpe  200 nm. We
only consider thin piezoelectric films in this work (<1 μm), so
assume that the transverse piezoelectric coefficient is roughly
independent of thickness for the 200–1000 nm thickness range.
The optimization and modeling code is an open source
and freely available (appendix A), so can be used to analyze
particular cases in more detail.

Table 4. Summary of the standard optimization constraints that are
enforced.
Parameter constraints

Nonlinear constraints

tc  1μm
wc  5tc
lc  5wc
Vbridge  10 V
n  4.4 × 1019 cm−3
tpe  200 nm
Rshunt  1 T

f0  2fmax
W  1 mW

width should be minimized. However, if the piezoelectric
becomes narrower than the cantilever, the sensitivity remains
constant while the noise increases, so a piezoelectric film that
covers the entire top surface of the cantilever is preferable.
The impact of cantilever and piezoelectric thickness depends
on their ratio and the material properties of the cantilever, but
in general they should both be minimized in order to maximize
sensitivity and minimize the noise. Increasing the permittivity,
r , linearly reduces the sensitivity and the device Johnson noise
but does not affect the amplifier voltage noise, and the net effect
is that the permittivity should be minimized. Increasing the
resistivity leads to increased sensitivity and reduced noise, so
the resistivity should be maximized. Finally, d31 only affects
the sensitivity so should be maximized. This analysis can be
extended to displacement or charge sensing as well.

4. Design and optimization methods
5. Results and discussion
Analytically optimizing the design of the two cantilever
models introduced would be quite involved due to their
complexity. Numerical optimization methods are available
which only require that the user provides a function to compute
the optimization target (e.g. force resolution) from a set of
design parameters. We have previously applied numerical
optimization to the design of piezoresistive cantilevers with
arbitrary dopant profiles [16] and will apply the same technique
here.
For a typical design problem, a measure of performance
should be minimized given a set of design parameter bounds,
nonlinear parameter constraints and fixed measurement
conditions, such as f min and f max . The designer provides
an initial design guess to the optimization routine, which then
iteratively computes search directions and step lengths. We
use the interior-point method with the gradient approximated
by finite-differences and quasi-Newton Hessian updates as
implemented by fmincon in Matlab (Mathworks, Cambridge,
MA). Optimization typically takes less than a minute for the
analysis models presented in this work. Although the problem
is not strictly convex, the global optimum can reliably be found
by starting from many random initial guesses until multiple
iterations converge to within a small tolerance.
Unless otherwise noted in the text we will use f min =
1 Hz, f max = 10 kHz and the constraints listed in table 4. We
consider three cantilever types: p-type (boron) piezoresistors
and both AlN and PZT piezoelectrics. The constraint on tpe
is based upon the reduction in piezoelectric coefficients for

In this section, we design optimized cantilevers for a variety of
conditions and constraints. For compactness, we only plot the
cantilever performance (e.g. MDF) but provide detailed design
parameters in table 6 for the case of cantilevers optimized for
force sensing with f min = 1 Hz, f max = 10 kHz and the
standard set of constraints presented in table 4.
5.1. Choice of piezoelectric material and sensing circuit
Several choices need to be made in designing a piezoelectric
cantilever sensor. In addition to the sensor geometry, the
material and measurement circuit need to be selected. Before
comparing the piezoelectric and piezoresistive cantilevers we
will examine the relative merits of charge and voltage sensing
(figure 2) to limit the number of comparisons needed in the
next subsection.
Figure 5 compares the optimal force resolution attainable
with each combination of piezoelectric material and circuit for
a given value of f max . For PZT, a lower MDF is possible with
charge sensing than with voltage sensing. The converse is true
for AlN. The resolution of voltage AlN is roughly two times
better than charge PZT for the assumed design constraints
and material properties. However, this may change depending
on the specific details of the application. Based upon these
results, we will assume voltage sensing for the AlN devices
and charge sensing for the PZT devices in the remainder of the
paper.
9
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Table 5. Material property ranges assumed for the design analysis. The mechanical and electrical properties of the piezoelectric films are
thickness and processing dependent. Typical values for ≈ 500 nm thick sputtered AlN and sputtered or sol–gel PZT films are used. Higher
piezoelectric coefficient films such as epitaxial PZT with d31 = 130 pC N−1 [55] have been demonstrated but are not widely available. The
Si elastic modulus is based upon a 1 1 0 cantilever orientation.
Material

E (GPa)

ρ (kg m−3 )

d31 (pC N−1 )

r (–)

ρ (-cm)

Si
Ti
AlN
PZT

169 [56]
90 [57]
396 ± 40 [58–60]
55 ± 20 [30, 55, 65, 66]

2330
4500
3260 [11]
7550 [30]

–
–
2.2 ± 0.5 [60–63]
70 ± 30 [30, 55, 65–68]

–
–
10.2 ± 0.5 [59, 62, 64]
900 ± 300 [67, 69–71]

–
–
1012 [62]
108 [72]

Table 6. Example optimized piezoelectric and piezoresistor designs.
All three are optimized for force sensing but the AlN device is
optimized to use voltage sensing while the PZT device is optimized
for charge sensing.
AlN

PZT

f min (Hz)
f max (kHz)
f0 (kHz)

1
10
20

1
10
20

1
10
20

lc (μm)
wc (μm)
tc (μm)
k (mN m−1 )
QM

262
5
1
11.7
13.4

307
5
1
20.2
13.2

252
5
1
28.8
13.3

lpr (μm)
Vbridge (V)
tpr (nm)
n (cm−3 )
R (k)
W (mW)

35
3.8
224
4.4 × 1019
3.6
1

–
–
–
–
–
–

–
–
–
–
–
–

tpe (nm)
Rpe ()
Cpe (pF)

–
–
–

200
1.3 × 1012
0.7

420
3.4 × 108
23.7

SF V at 1 kHz (V mN−1 )
Vtot (μV)
MDF (pN)
MDD (nm)

74.4
1.0
13.8
1.2

465
19.8
47.9
2.4

104
7.8
317
11.0

SF Q at 1 kHz (nC N−1 )
Qtot (aC)
MDF (pN)
MDD (nm)

–
–
–
–

409
115
281
13.9

2540
278
109
3.8

AlN (V)
AlN (Q)
PZT (V)
PZT (Q)
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Figure 5. A comparison between the optimal force resolution of
AlN and PZT piezoelectric cantilevers using charge sensing or
voltage sensing circuits. For each value of f max the cantilever is
optimized for force sensing within the standard design constraints.
Charge measurement is preferred for PZT while voltage readout is
preferred for AlN.

normalized moment (equation (15)) and shifts the neutral axis
toward the film’s centroid (equation (14)), which may lead to a
reduction in sensitivity despite the apparent linear dependence
of sensitivity on Epe . Additionally, a thicker piezoelectric film
is favored for voltage sensing in order to minimize the film
capacitance.
The sensitivity is difficult to intuitively maximize.
However, the analysis can be simplified by nondimensionalizing the sensitivity in terms of the thickness and
elastic modulus ratios of the piezoelectric film to the silicon
beam, tpe /tc and Epe /Ec . The optimal film thickness ratio for
a given elastic modulus ratio can then be computed, as shown
in figure 6. As the modulus of the piezoelectric increases, its
thickness should be reduced relative to the beam thickness.
The stiffer the piezoelectric film is relative to the cantilever,
the greater the potential sensitivity. Similar results hold for
charge-force sensing, except an even thinner film is favored
because its capacitance does not affect its charge sensitivity.
The displacement sensitivity is more difficult to treat
analytically because the overall beam stiffness needs to be
constrained. For example, absent any stiffness constraint the
thickness ratio diverges and the ideal voltage–displacement
sensor would have the thickest possible piezoelectric film
(equation (23)).

While the d31 of PZT is significantly higher than that of
AlN, its voltage sensitivity suffers due to its high permittivity
and low resistivity. Charge sensitivity does not depend on
these parameters, although charge noise does, so PZT performs
significantly better with charge sensing than voltage sensing.
The voltage-sensing performance of AlN is partly explained
by its low permittivity and high resistivity, but another factor
is its high elastic modulus.
5.2. Elastic modulus and maximizing force sensitivity
The elastic moduli of the piezoelectric film and cantilever beam
play large roles in determining the optimal layer thicknesses
(equation (21)). For example, increasing the elastic modulus
of the piezoelectric film can increase sensitivity, but only
if the film thickness and cantilever thickness are chosen
appropriately.
Otherwise, increasing Epe reduces the
10
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Figure 7. Probability density functions of the minimum detectable
force (MDF) for AlN (top) and PZT (bottom) using the Monte Carlo
method assuming that the material properties of the piezoelectric
films vary independently and uniformly within the assumed ranges.

Figure 6. Non-dimensional sensitivity analysis for piezoelectric
force sensing using voltage readout. The optimal ratio of the
piezoelectric film thickness to the underlying silicon beam depends
on the ratio of their elastic moduli. For example, as the piezoelectric
becomes stiffer, its thickness should be reduced to ideally position
the beam’s neutral axis. If the piezoelectric film thickness is chosen
appropriately, force sensitivity improves as the elastic modulus of
the piezoelectric increases. We assume that the silicon beam is
oriented in the 1 1 0 direction and use Ec = 169 GPa.

significantly in practice by measuring the relevant properties
for a particular process and then designing the cantilever
accordingly.
The remainder of the paper uses the nominal material
properties from table 5. However, the designer should keep
in mind that the piezoelectric resolution results can vary up to
30%, independent of the geometric tolerances which affect PE
and PR sensing alike.

The results illustrate one aspect of the reason for
AlN’s good sensing performance despite its low transverse
piezoelectric coefficient.
More generally, resolution is
determined by both the sensitivity and noise. In this work,
we primarily focus on the case where the extrinsic ambient
noise (e.g. vibrations, electromagnetic interference) is much
less than the intrinsic device and circuit noise. However, if
the ambient noise floor is larger than the intrinsic noise, then
resolution optimization and sensitivity maximization will lead
to the same design.

5.4. Comparing piezoresistive and piezoelectric sensing
We now compare the resolution limits of piezoresistive and
piezoelectric sensing. The force noise spectral density
and integrated force noise for the optimized cantilevers of
table 6 are shown in figure 8. The piezoresistive cantilever
has a slight performance advantage, mainly due to its smaller
low frequency force noise. The low frequency force noise is
limited by 1/f noise in the piezoresistor case and Johnson
noise for the piezoelectric cantilevers.
However, the cantilever designs in figure 8 are only
optimized for a single value of f max and a single piezoresistor
power dissipation (1 mW). While this a reasonable value
for many applications, certain measurements may require
less power dissipation, such as a cryostat with fixed power
dissipation limits or when probing a temperature sensitive
biological sample.
In power constrained applications the performance
advantage of piezoresistive sensing declines. Figure 9
compares the optimized MDF for piezoresistor power
dissipations of 1 mW and 1 μW with AlN and PZT cantilevers
as f max is varied. For each value of f max , the cantilever
design is optimized to minimize the MDF while satisfying
the optimization constraints, including the ever increasing f0
constraint. For a power dissipation of 1 μW, both AlN and
PZT cantilevers are preferable to piezoresistive sensing.
The majority of scanning probes are used to measure
displacement rather than force.
While force sensing
cantilevers should be as soft as possible while meeting
the minimum resonant frequency requirement, displacement

5.3. Uncertainty in piezoelectric material properties
The material properties of the piezoelectric film can vary
significantly, affecting cantilever performance. However,
standard uncertainty analysis methods are difficult to apply
to the analysis model due to its complexity. In order to assess
the impact of material variability, we first generated optimized
cantilever designs for force sensing using the nominal material
properties in table 5 and the standard optimization constraints
in table 4, corresponding to the designs in table 6. We
then calculated the MDF for the range of material properties
reported in the literature using the Monte Carlo method (N =
10 000) and assuming independent, uniform distributions
of the the piezoelectric elastic modulus (E), transverse
piezoelectric coefficient (d31 ) and relative permittivity (r )
within the bounds noted in table 5.
The resulting probability density functions are shown in
figure 7. The MDF standard deviations are 13% and 30% of
the mean MDF for AlN and PZT, respectively. The magnitude
of the variation is primarily due to uncertainty in d31 while
the distributions are skewed due to uncertainty in E, with r
playing a minor role. The MDF variance could be reduced
11
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sensing cantilevers should be made as stiff as possible, making
the resonant frequency constraint irrelevant. Rather than being
constrained by their resonant frequency, cantilevers optimized
for displacement resolution are limited by their maximum
allowed stiffness because an excessively high stiffness can
damage the tip of the probe or the sample.
Figure 10 compares the optimized displacement
resolution for the cantilevers as the maximum allowed probe
stiffness is varied. The relative performance of the four options
is the same as in the force optimization case. While the
force and displacement resolutions of both sensing techniques
depend on the specific measurement and design constraints,
both can have significantly better performance than previous
reports suggest [12].
Although piezoresistive sensing generally outperforms
piezoelectric sensing (depending on the power dissipation) for
the design constraints used so far, we have only examined a
single thickness constraint, tc  1 μm. However, a minimum
or maximum cantilever thickness may be set by a design or
fabrication constraint.
As the minimum thickness constraint increases,
piezoelectricity becomes the preferred transduction
mechanism if the piezoresistor power dissipation remains
constant (figure 11). For cantilever beams thicker than 5 μm,
AlN has a smaller MDF than the 1 mW piezoresistor, while
both PZT and AlN perform better than the 1 μW piezoresistor.
Piezoelectric cantilever performance plateaus and even
degrades slightly for thin cantilevers due to the difficulty
in fabricating thin films with good piezoelectric properties
(tpe  200 nm). The PZT resolution degrades less than the
AlN case due to its lower elastic modulus. Thin piezoresistors
(<50 nm thick) can be fabricated using epitaxy or diffusion
[7], so are preferable to piezoelectric sensing for sub-micron
thick cantilevers, at least at the present time.
The finite thickness (50 nm) of the piezoelectric metal
electrodes degrades the attainable force resolution because it
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Figure 8. A comparison of (a) the force noise spectral density and
(b) integrated force noise between AlN, PZT and PR cantilever
optimized for a measurement bandwidth of 1 Hz to 10 kHz
(f0 = 20 kHz). The standard optimization constraints are enforced
(table 4), namely a 1 μm thick silicon beam and a maximum
piezoresistor power dissipation of 1 mW. The thermomechanical
force noise spectral density for the cantilevers is roughly
10 fN Hz−0.5 .
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Figure 10. Minimum detectable displacement for optimized
cantilever designs with varying maximum stiffness. The standard
optimization constraints are used, including a measurement
bandwidth of 1 Hz to 10 kHz (f0  20 kHz). All four cantilever
types are capable of sub-nm resolution for the given constraints, and
are capable of sub-angstrom resolution for smaller measurement
bandwidths.
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Figure 9. Minimum detectable force for optimized cantilever
designs operating from 1 Hz to a varying maximum frequency. The
standard optimization constraints are enforced besides the variation
in f max and f0 . Piezoelectric detection becomes preferable to
piezoresistive sensing as the maximum power dissipation decreases.
The details of the f max = 10 kHz designs are presented in table 6.
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transducer type and compare their performance characteristics.
Piezoresistive sensing is preferred when electrical power
dissipation is not an issue, or when the cantilever thickness
can be reduced to the nanoscale. Piezoelectric sensing is
preferred for thick beams where low power dissipation is
required. We surveyed the reported PZT and AlN material
properties in the literature and used the Monte Carlo method
to examine their impact on cantilever resolution, which can be
up to 30% independent of geometric tolerances. In general,
piezoresistive sensing has lower noise and lower sensitivity
than piezoelectric sensing, making piezoelectricity preferred
for measurements with high ambient noise levels. Both
cantilever types can operate near the thermomechanical noise
resolution limit with proper design.
Both transduction mechanisms are capable of nanoscale
force and topography imaging, and the preferred option for a
given application will depend on the specific fabrication and
operating constraints. Although we have focused on contact
mode scanning probes, the same models and optimization
methods could be applied to optimize probes for dynamic
scanning modes by defining appropriate resonant frequency
and measurement bandwidth constraints.
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Figure 11. Minimum detectable force for optimized cantilever
designs with varying minimum silicon beam thickness. The
standard optimization constraints are used, including a measurement
bandwidth of 1 Hz to 10 kHz (f0  20 kHz). Piezoelectricity
becomes the preferred sensing mechanism as the beam thickness
increases assuming that the piezoresistor power dissipation remains
constant as the device dimensions scale.

increases the beam stiffness and shifts the neutral axis. The
increase in MDF ranges from 10 to 35% for AlN deposited on
silicon beams between 100 nm and 1 μm in thickness, while
it ranges from 15 to 250% in the PZT case. The reduction
is greater for PZT due to its low elastic modulus. On the
other hand, the metal electrode thickness slightly improves
the displacement resolution very slightly, <5%.
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5.5. Comparison with optical detection
We can also compare piezoresistive and piezoelectric sensing
with optical detection, which is fundamentally limited by
thermomechanical noise [73]. The example cantilever designs
in table 6 have MDFs of which range from 14 to 109 pN.
In comparison, the thermomechanical noise floor for the
cantilevers in the same measurement bandwidth is about
1 pN, excluding the effects of piezoresistor or laser induced
self-heating. Thus, for the cantilever designs in table 6,
optical sensing could be an order of magnitude better than
electronic sensing. However, the gap between the two varies
with the design constraints. For example, the 100 nm thick,
1 mW PR cantilever in figure 11 has a MDF only a factor
of two greater than its thermomechanical noise limit. While
piezoresistive and piezoelectric cantilevers can approach their
thermomechanical noise floor, their additional device and
amplifier noise makes it difficult to reach. However, they can
be made much smaller and softer than their optical counterparts
[74], which are limited by a finite laser spot size, enabling a
lower thermomechanical force noise floor (equation (9)) and
the potential for superior force resolution.

Appendix A. Optimization code
The cantilever optimization code is open source and freely
available at http://microsystems.stanford.edu/piezoD.
It
requires Matlab R2008a or newer and the optimization
toolbox.
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